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H, 1 = H K +1/(2k+1)+...+1/2k+1

>(1+k/2)+2%(1/2%1) =1+(1+k)/2

Eib, = EEHN P(n) KoL
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Odd Pie Fights

o Placing an odd number of people in the plane, in such
a way that every pair of people has a distinct distance
between them. At a signal, each person will throw a
pie at the closest other person.

o At least one person does not get hit with a pie?
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Let n € N and x € R. We have

(14 x)" = n (Z)xk.

We use induction on n. That is, we let Next, let k € N and assume P(k). We prove P(k + 1). Let x € R.
We have

n i n
P(n) s vx e R (142 =3 () (e =050

) (1+x)

Again, proof for P(1) is trivial, as P(1) states @

We are going to merge these two sums.
1 1
VxeR, 1+x= (O)x0—|— (Jxl

We shall prove P(1) is true, and prove [by I.LH.] =

Vk €N, P(k) = P(k+1).
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To get an idea, let us consider an explicit example when k = 2:

Keep in mind that we want to prove this is equal to Zf:ol (k;fl)xj,
2

ARl
- [(6) + () G @)+ ()2 G)]
_ (s) " [G) N (E)] ‘i l(;) N G)] 24 @) 3 Therefore, to finish the proof, it suffices to show that
In general, we have G) B (Jfl) - (kj’_ 1)

> ()5 () O E—

k
k+1\
1430 (Tt
J=1

J

= j k=) " G-Ik —j+1)
K /i k P _ k! ‘[lJr 1 ]
— ] ' k+1 (— 1)k = j)! I k—j+1
_1+;(J,)xf+;(j_l)xl+x _(J )k(! J) Jk+lj
) S G-Dk=))! j(k—j+1)
B0 ()] ()
oLV Jj—=1 J
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25, B EBF@O)=nlty 2% 5% X
F0)=1
F(n)=n-F(n-1) for n>0




Fibonacci JF 7|

Fibonacci /¥ %| {£} @ X T
%, =0,
4 =1,
=1, +f_ ,HERaz22
H B LA %
0,1,1,2,3,5,8, ---
. an_ﬂn
WEH: SFEZEa=0, f .=
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28 3 BA: Fibonacci f¥ |

O EH: Hn=0,18F, BRAE#H,
Xil-:j:k_l_l’ fra= T+ Ty
_ o - B¢ . ot - gl
a-p a-p
_ (ak _I_ak—l)_(ﬂk +ﬁk-1)
a—p

AE: ?=a+1, Ho'l=o2+ a2 L }fHEEa>1.
KMHIE: n = 38, £ > a2
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EMyR: FUxBT I, RALA) =) + 1A,
HHEFR: BEPONE, aB T I, ZiLPy) b Eo
Wi FUxBET I, BA g =)+ [rd)

POHNE, Lxp) ==+ Ly
[xyd)= Kxp)+1= [x) + (P +1=L5) + {yd)




|

Bl (" X AN E)

28 |
03 IHEX
fmon 0 1 3
1 2,=0 1 2 4
D 4= Anqp +1 (n—O m>0) 2 3 5§
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An algorithm is called recursive if it solves a problem by reducing
It to an instance of the same problem with smaller input.

24 RILEEESE

function gcd(a, b) // a>b>0, a>0
If b=0
return a
else
return gcd(b, a mod b)

BHEEWEHAE (HFHEHE)
FHEENRRE (HE. 2H)
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% 93K Hged(a, b) 1o 45 A BRVZE BI IR BN T80 SF THH 1
BRI BSHE . 5(LIogy, b +1)

% r,=a, r;=b.

Fo= rq,tr, 0<r,<r,

L

o ¢>1 for 1<i<n
e ¢.,22 because ¢q,=r, ,/r,>1
o r21=f,r 22r 22=f;

o b=r2r,tr, 2f +f, _=f, . >0™!

F n—1: ¥ nqn+r n

ged(a, b) = r AEH T nik g% © log,, b > (n-1)log,, o for n=>2
e log,,a>1/3

v 0=r . <r,
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Thinking Recursively: Problem 1

Towers of Hanoi (I 353K )

How many moves are needed to move all the disks from the
first peg to the third peg, under the constraints that we can
move only one disk at a ime and never place a larger disk on
top of a smaller one.

T(1) =1
T(n) = 2T(n-1) +1




Thinking Recursively: Problem 1

]
- Towers of Hanoi (JX &)

T(n)=2T(n-1) +1

2T(n-1) =4T(n-2) + 2
sTn-2)=gTn-3)+4 1 > T(N) =21

202T(2) = 20T (1) + 272




Thinking Recursively: Problem 2

_
- Cutting the plane (FE ] 2|)

How many sections can be generated at most by n
straight lines with infinite length.

L) =1
L(n) = L(n-1) +n

Intersecting all'z

existing lines to get 2 l
most sections as ble




Thinking Recursively: Problem 2

_
- Cutting the plane (FE ] 2|)

L(n) = L(n-1)+n
= L(n-2)+(n-1)+n
= L(n-3)+(n-2)+(n-1)+n

= LO)+1+2+/ -+ (n-2)+(n-1)+n
3 Ln) =nn+1)/2+ 1



Thinking Recursively: Problem 3

Josephus Problem: Live or die, it’s a problem!

Legend has it that Josephus wouldn't have lived to become
famous without his mathematical talents. During the Jewish
Roman war, he was among a band of 41 Jewish rebels trapped in
a cave by the Romans. Preferring suicide to capture, the rebels
decided to form a circle and, proceeding around it, to kill every
emaining person until no one was left. But Josephus, along
ith an unindicted co-conspirator, wanted none of this suicide
nonsense; so he quickly calculated where he and his friend should
and in the vicious circle.

We use a simpler version:
« »
every second...




Thinking Recursively: Problem 3

1 Make a Try: for =10 > 113‘1

ot o, i

3 o= =
j i, I
X 1315 chfi ﬂ\ﬂ

o ff

{};K\st



Thinking Recursively: Problem 3

And the newnumber(k) is 2k 1



Thinking Recursively: Problem 3

1
3

2n+iy — X = g2 2”+1i’l‘l5
\
l/ \\\ d ( \\
' | |
\ / \ /
\ // n persons left /

N 7 \\ N
k- -_Kk’lk/'l 3 A ‘—Kﬁi!k ;

And for this time, the newnumber(k) is 2K+1



Thinking Recursively: Problem 3

71 Solution in Recursive Equations

Il
J(2n

[[Zn+1

1
nj-1, fornzl
JJin)+1,  fornzl

- Some explicit solutions  Can you find the pattern?

n |1

2314567891011 12131415116

Jn) |1

1311357(135 7 9111315 1




Thinking Recursively: Problem 3

If we write nin the form n =2+ ]
(where 2™ is the largest power of 2 not exceeding 1

and / is what's left),
the solution to our recurrence seems to be:

J(2™+1) = 2L+1,  form=0and0< 1< 2™

As an example: J(100) = J(64+36) = 36*2+1 = 73



Linear Homogeneous Recurrence Relation
0

an — r-1a'n—1 + rzan—z i r-k an—k

is called linear homogeneous relation of degree .

Cn — (_Z)Cn—l a‘n — a'n—1 +@

f=f +f g. gn_z
No

Yes



Characteristic Equation

For a linear homogeneous recurrence relation of degree &
a, =—nhna, ;, +ra, , +---+ra, .

n

the polynomial of degree &

XK =X x4
is called its characteristic equation.

The characteristic equation of linear homogeneous recurrence
relation of degree 2 is:

X°—1,X—r,=0



Solution of Recurrence Relation

If the characteristic equation X*—1X—r,=0 of the recutrence
relation 4,=ha,; +I,a, , has two distinct roots s, and s,,

then we have the explicit formula for the sequence
el n

where z and v depend on the initial conditions.



Proof of the Solution

Rememberthe equation : x> —rx—r, =0
. n n
We need prove that:us, +vs, =ra _,+ra. _,

us; +Vs) = uUs; °s/ +Vs) °s?

=us; (s, +r,)+Vvs)?(rs, +r,)

= [US, " + LUS % + LVS) ™ 4+ I,VS)
=r,(us; " +Vvs) ) +r,(us]° +vs) %)
b r‘1an—1 i rzan—z
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