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4 ddition brltiplication
iClosure Property a +h=an integer ax b=an integer
lexample 6+2=5 lexample 3xd=12
& ssociative at(b +o)={a thitc axib xc)=(az bz c
iexample 9+2+HD=(9+2+4=15 |example 3xz[-2)=d]=
[3m(-2) Jmd=-24
[Distribative axi(b +o=(ax b)Haxc), (ath)zc=lazcHbzxc)
lexample Sz 24+(-20 = Sx2 H{ Dxl-3)]=10-15=-5
{iZ otnmutative at b=b +a ax b=hbxa
{ezample 3+H(-2)=(-2)+3=1 lexample 3x(-2)=(-2)x3=-6
[dentity atl=a axl=a
lexample 6+HI=6 lexample (-6m1=-6
[nverse element at(-a)=0 Mo tmverse element
{example 5+(-61=0
ero product property [f'a = k=0 then etther a=0, or
[b=0 or both=0
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gcd(a,b) = ged(a, b — a)
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function gcd(a, b) // a>0, b>0
whilea#b
ifa>b
a:=a—>b
else
b:=b—-a
return a

function gcd(a, b) // A4 moriE 4% function ged(a, b) // a>b>0, a>0

while b #0 if b=0
t:=D return a
b:=amodb else
a:.=t return gcd(b, a mod b)

return a



oy

ILEBE < UTEAY

NG EE: BILERBEN "NMAZR , £ JUTEAY
APMET ITEERR, EXRERT Juew EaE R

L

HrRF: FHERLRTRENMEBEERAARENF &, K
JWERKE GREMKRYE) , REEE T EER,

BRAN: EHAXRERBEAIGEEL —, YET N
M R ER A MENARSE, KA T % HEA.



|3

AN NEHNER (%)
_

o ged(a, b)— & Zafubly K45, B :
ds,teZ, gcd(a, b)=sa+tb

o If dis GCD(a, b), then d = sa + tb for some integer s and t.

o Let x be the smallest positive integer that can be written as
sa + tb. For any common divisor ¢ of a, b, c|(sa + tb), which
means that x is no less than any common divisor of a, b.

o Let a=gx+r (0 <r < x), then
r=a—q(sa+tb) =(1— gs)a— qtb. Since r is also of the
form of sa+ tb, r can not be positive, and must be 0. So,

a = gx, that is, x|a. Similarly, x|b.

e Conclusion: x = sa+ tb is the largest common divisor of a and

b. And it is a multiple of any other common divisors.
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gcd(a, b)— & mafnbwy L EH G, B :
ds,teZ, gcd(a, b)=sa+tb
% B (Bézout) g : FEHafbZ2 L ExW iff 3s,

teZ. sat+tb =1
NTEHERSE. Bi&3s, teZ sat+tb =1.
f& & gcd(a, b)=d, 3a,, b,eZ. a=a,d, b=b,d.
414 sa,d+tb,d =1. B (sa,+tb,)d =1.
B kd=1. Eigcd(a, b)=1,
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If a, b, and c are positive integers such that gcd(a, b) = 1 and a | be, thena | c.

Proof: Because gcd(a, b) = 1, by Bézout’s theorem there are integers s and ¢ such that
sa+tb=1.

Multiplying both sides of this equation by ¢, we obtain
sac +tbc = c.

We can now use Theorem 1 of Section 4.1 to show thata | c. By part (ii ) of that theorem, a | tbc.
Because a | sac and a | tbc, by part (i) of that theorem, we conclude that a divides sac + tbc.
Because sac + tbc = ¢, we conclude that a | ¢, completing the proof. <

If pisaprime and p | ajas - - - a,, where each q; is an integer, then p | a; for some i.
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0 & ab&2% K 0, N ged(a, b) - lem(a, b) = |ab]|

o JEEH:
#a=Tlp/ b=Tp" h REFHME, W:
ged(a, b) = [1p;" "7 lem(a, b) = [Tp;"*F?
—EMFATE
ged(a, b) - lem(a, b) = [ p" " @FOrmax(@lt) - [rp@thi = |gp),

H o min(ay, f;) + max(ay, ;) = a; + BiRE A FENFH & /AMEL & AE
LA HF N
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—TLEBRALFEYL: x=a, (modm,), ..., x=a_ (mod m)
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M:mlxmgx---xm”:]_lmg M; =M/m;, Yiell,2,.-- n]
i=1

tiM;=1 (modm;), Yiel(l,2,---,n}.
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x=2 (mod3)
(S): x=3 (mod5)
=2 (modT7)
(1 (mod 3) (0 (mod 3) (0 (mod 3)
0=2x35=¢0 (mod5), 21=1x21=<1 (mod5), 15=1x15=¢0 (mod 5),
|0 (mod 7) |0 (mod 7) |1 (mod 7)

2x1+3x0+2x0=2 (mod 3)
2xT0+3x21+2x15={2x0+3x1+2x0=3 (mod5),
2x04+3x04+2x1=2 (mod7)

T =233+kx105 k €7
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BN =pp ..
A A ={x|1I£x<n, p KX}
o(n) = | ~A N~A,N... N~A]
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— ..+ (-1)*n/pip, ... Py
= n(1- 1/p,) (1- 1/p,) ... (1- 1/py)
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p(mn)=p(m)p(n)-d/p), * Fd=gcd(m,n)
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Fagng i, N a*™ =1 (modn),
FZa=1(mod ¢(n)), N a®=a (mod n)
#En=pg, oo =1 (mod @(n)), 0<m <n, M me=m (mod n)

o IEHUARBERD, : n=pq (n3 Ll i 2= 3R A7)
o % k=o(n) (NEIENFIRETF, KHEPISKH) .
o WeNANH, dAFE, W& ed=1 (mod k).
o JI%: S =me(mod n).

o % : t=S9(modn). (t=m, why?)
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R0 ST L F RS =

(mod n)

Hed = 1 (mod ¢(n)), Hed=hpn)+1, HRA_LRfFmhe@+! =

m (mod n)

1- #mE5n T JF 3t 2 BK3

_:E}EH:"*

me-kn, WAME, Wik -kn)!=

L € 2

2-ZmEa X B, FAHikm=kp. (mR 8 EkpHFkq)
MR EEA (kp)?' =1 (mod q) (k5qEK)
=» [&p)*']"D X kp = kp (mod q)
=» (kp)* = kp (mod q) (MHFed = ho(n)+1=h(p-1)(g-1)+1)
=» kp¥=tq+kp (TEZAH: tLBHpER, t=tp)

=>» (kp)*d = t'pq + kp

=» m* = m (mod n)

(m=kp, n=pq)
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